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Abstract
Defining tumor stage at diagnosis is a pivotal point for clinical decisions about patient treatment

strategies. In this respect, early detection of occult metastasis invisible to current imaging methods would
have a major impact on best care and long-term survival. Mathematical models that describe metastatic
spreading might estimate the risk of metastasis when no clinical evidence is available. In this study, we
adapted a top-down model to make such estimates. The model was constituted by a transport equation
describing metastatic growth and endowed with a boundary condition for metastatic emission. Model
predictions were compared with experimental results from orthotopic breast tumor xenograft experiments
conducted in Nod/Scidg mice. Primary tumor growth, metastatic spread and growth were monitored by 3D
bioluminescence tomography. A tailored computational approach allowed the use of Monolix software for
mixed-effects modeling with a partial differential equation model. Primary tumor growth was described best
by Bertalanffy, West, and Gompertz models, which involve an initial exponential growth phase. All other
tested models were rejected. The best metastatic model involved two parameters describing metastatic
spreading and growth, respectively. Visual predictive check, analysis of residuals, and a bootstrap study

validated the model. Coefficients of determination were R2 ¼ 0:94 for primary tumor growth and R2 ¼ 0:57

for metastatic growth. The data-based model development revealed several biologically significant findings.
First, information on both growth and spreading can be obtained from measures of total metastatic burden.
Second, the postulated link between primary tumor size and emission rate is validated. Finally, fast growing
peritoneal metastases can only be described by such a complex partial differential equation model and not by
ordinary differential equation models. This work advances efforts to predict metastatic spreading during the
earliest stages of cancer. Cancer Res; 74(22); 6397–407. �2014 AACR.

Introduction
Tumor classification as localized or advanced disease is a

major issue in clinical oncology because subsequent therapeu-
tic strategies (i.e., adjuvant chemo- and/or radiotherapy)
depend on the initial disease staging. In this respect, occult
metastasis (i.e., lesions smaller than 2–3 mm not detectable by
medical imaging) impedes decisions on appropriate adjuvant
therapies aiming at limiting the risk of recurrence. A tool that
predicts themetastatic risk for a given patient, despite the lack
of imaging-based evidence for secondary lesions, would there-
fore be clinically relevant by orienting the oncologist toward
the most appropriate therapeutic options.

Along with the development of a personalized medicine (1),
mathematical modeling has been constantly on the rise in
the field of medical sciences. Tumor growth dynamics have
received considerable attention and numerous models have
been proposed to describe growth on different scales. On a
purely macroscopic level, the Gompertz model, exhibiting a
sigmoidal growth curve, has been used first (2). Many other
sigmoidal growth curves have also been proposed (3, 4). Some
of these models are derived on amechanistic basis, such as the
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Major Findings
This work advances efforts to predict metastatic spread-

ing during the earliest stages of cancer, at points that could
help clinicians make the best decisions on treatment
strategies.
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von Bertalanffy (5) and West (6, 7) models, which assume an
auto-similar tissue organization. A model correction limiting
the growth rate of small tumors also exists (3).

To describe dynamic processes such as the spatial evo-
lution of tumors, more complex strategies are used, for
example, models based on reaction-diffusion equations (8).

Quick Guide to Equations and Assumptions
Primary tumor and metastatic models
Primary tumor size xp is described by the Gomp-Ex growth equation

dxp
dt

tð Þ ¼ min avitroxp tð Þ; apxp tð Þlog b
xp tð Þ
� �� �

; xp 0ð Þ ¼ x0:

The Gomp-Ex adaptation of the Gompertz model constrains the tumor doubling rate to the in vitro doubling rate.

The metastatic burden is given by

M tð Þ ¼
Z t

0

b xp sð Þ� �
xm t � sð Þds;

where b is the metastatic emission rate from the primary tumor

b xð Þ ¼ mx2=3

and xm is the size of a metastasis emitted at t ¼ 0; again described by a Gomp-Ex model:

dxm
dt

tð Þ ¼ min

 
avitroxm tð Þ; amxm tð Þlog b

xm tð Þ
� �!

; xm 0ð Þ ¼ 1:

Ametastasis emitted at times reaches the size xm t� sð Þ at time t, which yields the structure of the integral of the totalmetastatic
burden M tð Þ. This formulation is derived from a PDE model as shown in the Supplementary Materials.

Parameters.
* ap and am are the Gompertzian growth rates of the primary tumor and of the metastases, respectively;
* avitro is the in vitro proliferation rate, which is determined experimentally;
* x0 denotes the primary tumor size at time t ¼ 0;
* b is the maximal tumor size of both primary and metastatic tumors;
* m is the rate of metastatic emission.

In themodel, size is measured in number of cells, which is in turn linked to the signal from bioluminescence imaging (measured
in photons emitted per second) by an experimentally determined ratio.

Major assumptions.
1. The in vivo growth rates ap and am cannot exceed the in vitro growth rate avitro;
2. Metastatic emission is proportional to a 2=3 power of primary tumor size, which corresponds to surficial metastatic

emission;
3. Secondary metastatic emission is negligible in the experimental framework;
4. All metastases grow at the same rate;
5. Newborn metastases consist of a single cell;
6. The number of viable tumor cells is proportional to the signal measured by bioluminescence imaging.

Statistical model
Interindividual variation is incorporated in a mixed-effects model. Each of the five structural parameters ap; am; x0; b;m is log-

normally distributed among the individuals in the population. The measurements are log-normally distributed around the
predicted primary tumor size and metastatic burden.

Parameters.
* For each structural parameter, mean and variance of the random variable's logarithm are estimated.
* sp and sm are the residual error SDs for the logarithmized primary tumor size and metastatic burden, respectively.

Major assumption.
* Each individual's structural parameters are realizations of a random variable characterizing the population.
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Most of the recent approaches aim at integrating newly
discovered factors and determinants implicated into tumor
growth such as stem cells (9), microenvironment (10), or
tumor-induced angiogenesis (11). In addition, models have
been developed to describe the impact of cancer therapy
onto tumor growth so as to predict efficacy (12, 13).
Because metastasis is a highly complex, multistep process

depending on many determinants, modeling metastatic
spreading is a particularly challenging task. Compared with
the numerous models dedicated to tumor growth, relatively
few models that describe metastasis have been proposed so
far. The existing approaches range from simple phenome-
nological to complex mechanistic models and contain
deterministic and/or stochastic components (14).
Modeling complexity should depend on the purpose of

the model. Phenomenological approaches are particularly
suitable for models conceived as prognostic tools. These
models intrinsically allow for an easier confrontation with
preclinical and clinical data, which is essential for model
validation.
The metastatic model introduced by Iwata and colleagues

accurately described the metastatic growth dynamics visible
onCT scans of a single patient with ametastatic hepatocellular
carcinoma (15). It was further fitted to clinical data collected
over a 20-year follow-up study for metastatic relapse in 3,500
patients with breast cancer and accurately predicted the
metastatic risk given the primary tumor size (16). Despite
these promising results, a more thorough validation and a
model adaptation to more general settings seem necessary.
Indeed, the former study includes only one patient and growth
and emission take place in a single organ. In the latter study,
the model is fitted to the percentage of patients with a
metastatic disease, but no information on growth dynamics
is available.
Recording the necessary clinical data for a thorough model

validation would be challenging, due to ethical constraints and
the long duration of metastatic development. Before this, a
suitable preclinical approach, such as theMDA-MB-231 ortho-
topic xenograft in mice (17, 18), could allow the record of a
large dataset within a reasonable delay.
Nonlinear mixed-effects (NLME) modeling is a statistical

framework for the description of repeated measurements
from a population of individuals. Characterizing both typ-
ical population values and individual variation around these
values, this approach efficiently uses information from
sparse longitudinal data. NLME modeling has been widely
used in clinical and preclinical settings and in particular for
the description of tumor growth data (19). Several algo-
rithms for maximum likelihood estimation of NLME models
have been developed. Among them, the SAEM algorithm
(20, 21), first implemented in the Monolix software, has
recently received considerable attention, especially in the
pharmacology community. In practice, NLME modeling is
almost exclusively used for models written as systems of
ordinary differential equations (ODE). To our knowledge,
the only approach stretching this framework to partial
differential equations (PDE) is due to Grenier and collea-
gues (22).

In this work, we obtained detailed experimental data on
tumor growth and metastatic spreading from tumor-bearing
mice using noninvasive 3D bioluminescence imaging. The
metastatic model described above was adapted to this non-
clinical setting and fitted to the collected experimental data
within an NLME modeling framework. To this end, a tailored
computational approach for the resolution of the PDE model
was used in the Monolix software.

Materials and Methods
Cell culture

The human breast cancer cell line MDA-MB-231-luc-
D3H2LN was purchased from Caliper Life Sciences (Villebon
sur Yvette; product number 119 261). Cells were used within
6 months upon reception from the supplier. This BioWare
light producing cell line is derived from the MDA-231 human
adenocarcinoma by stable transfection of the North Amer-
ican firefly gene expressed from SV40 promoter. Tissue
origin was a mammary gland adenocarcinoma from the MD
Anderson Cancer Center (Houston, TX). Upon reception,
cells were gently thawed then quickly cultured following
supplier's recommendation until grafted as described below.
Cells were immediately amplified in T150 culture flasks and
frozen into nitrogen when in exponential phase. Next, cells
were used as soon as a sufficient number was reached for
grafting with never more than two passages prior engraft-
ment. The cell line was regularly authenticated on the basis
of viability, recovery, growth, morphology, and biolumines-
cence. Cells in exponential phase were grown following
standard recommendations in RPMI-1640 medium (Invitro-
gen) supplemented with 2 mmol/L L-glutamine (Invitrogen),
5 IU/mL penicillin/streptomycin (Eurobio), 5 IU/mL fungi-
zon (Eurobio), and 10% of FCS (Eurobio) at 37�C in a
humidified atmosphere with 5% CO2.

Animal experiments
All experiments were approved by an ethical committee

and were conducted in compliance with European regula-
tions, based on the UKCCCR guidelines for the welfare of
animals in experimental neoplasia (23). Pathogen-free 6-
week-old female Nod Scid g (NSG) mice (Charles River
laboratories) were acclimatized in a sterile environment for
2 weeks before starting the experiments. Mice were main-
tained in sterilized filter-stopped cages throughout the
experiments, kept in a sterile and thermostated cabinet.
They were daily monitored for signs of distress, decreased
physical activity and weight. Animals were euthanized under
anesthesia when showing signs of distress, cachexia (i.e., loss
of 10% of body weight), or when tumor reached an apparent
mass of 2 g (i.e., 2 cm3). Bioluminescence measurements
were performed twice a week. Carcass bodyweight was
monitored twice a week as a standard marker for quality
of life in animals.

Preparation of cell suspensions and orthotopic cell
implantation

Before implantation, the MDA-MB-231 cells were trypsi-
nized, counted, and centrifuged (5 minutes, 2,500 rpm) and

Experimental Validation of a Mathematical Model for Metastasis
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washed twice in sterile PBS. Cells were resuspended in RPMI-
1640 with 60% of Matrigel (BD Sciences) and maintained in
ice-cooled conditions until engraftment. A volume of 50 mL
containing 1:5� 105 cells was injected in the mammary
inguinal right fat pad through the nipple under gas anesthe-
sia [2% isofluran, (Abbott France) in standard oxygen-nitro-
gen protoxide mix].

Bioluminescence imaging
Imaging and growth monitoring for both primary tumors

and metastases started on day 6 postinjection. The exper-
iment was carried out until mice euthanasia for ethical
reasons. Intraperitoneal injection of firefly D-Luciferin (Cal-
iper Life Sciences) at a dose of 150 mg/kg body weight was
performed in mice before starting imaging. Acquisitions
started 12 minutes after Luciferine injection, the delay
required to reach a plateau in light emission. For 3D bio-
luminescence, images were captured at six different wave-
lengths ranging from 560 nm to 660 nm (step: 20 nm).
Imaging and data processing were performed in an IVIS
Spectrum imager equipped with the Living Image 4.2 soft-
ware (PerkinElmer). Signal classification as primary or met-
astatic tumor was supported by the entire observation time
history and, in unclear cases, by autopsy.

Photons emitted per second by one cell
The photon-to-cell ratio was determined before starting the

in vivo experiments by a first calibration step of the imager,
following standardprocedure.MDA-MB-231-luc-D3H2LN cells
ranging from 102 to 106 cells were seeded in a 24-well plate and
were immediately imaged. The cell-to-signal ratio was calcu-
lated by linear regression.

Models for tumor growth and metastatic spreading
For the description of primary tumor growth, a set of

phenomenological candidate models reported in the literature
was considered (see Table 1), having the general form

d
dt

xp tð Þ ¼ gp xp tð Þ� �
; xp 0ð Þ ¼ x0:

In several models, the tumor growth rate is limited by an
experimentally determined in vitro growth rate avitro . This has
been described for the Gompertz model (3), and the other
models were taken by analogy.

The metastatic process was modeled by a transport equa-
tion describing the evolution of the size-structured metastatic
density r

q
qt

r x; tð Þ þ q
qx

gm xð Þr x; tð Þð Þ ¼ 0; t > 0; x 2 1; bð Þ;

endowed with a boundary condition for metastatic emis-
sion:

gm 1ð Þr 1; tð Þ ¼ b xp tð Þ� �þ
Z b

1
b xð Þr x; tð Þdx; t > 0

and the initial condition r x; 0ð Þ ¼ 0 for x 2 1; bð Þ. In this
model, fromnowon called size-structuredmodel, it is assumed
that

* newly created metastases consist of a single cell,
* both primary tumor and metastases create new metastases
at the size-dependent rate b xð Þ ¼ mxa,

* primary tumor size xp is described by the primary tumor
growth function gp ,

* metastases grow at a rate gm, which could be different from
that for primary tumor growth.

For small Dx, the expression r x; tð ÞDx can be interpreted as
the number of metastases with size between x and x þ Dx
cells, observed at time t. The maximal size b metastasis can
attain depends on the metastatic growth rate gm. The param-
eter a corresponds to an emission proportional to a fractal
dimension of the emitting tumor and was estimated close to
2/3 by Iwata and colleagues, which they interpreted as surficial
emission (15). Mathematical details on the model are given as
Supplementary Material.

The total number of metastases at time t is given by

N tð Þ ¼ R b1 r x; tð Þdx and the total metastatic burden by

Table 1. Phenomenological tumor growth models

Growth model Growth rate Reference

Exponential g xð Þ ¼ ax

Gompertz g xð Þ ¼ ax log b
x

� �
; (2)

Logistic g xð Þ ¼ ax 1� x
b

� �
(4)

Power growth g xð Þ ¼ axc (4)
Von Bertalanffy g xð Þ ¼ ax2=3 � bx (4)

West g xð Þ ¼ ax3=4 � bx (6)

Models including the in vitro doubling rate

Gomp-Ex model g xð Þ ¼ min avitro x; ax log b
x

� �� �
(3)

West-Ex model g xð Þ ¼ min avitro x; ax3=4 � bx
� �

Analogy to (3)

Berta-Ex model g xð Þ ¼ min avitro x; ax2=3 � bx
� �

Analogy to (3)

Hartung et al.
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M tð Þ ¼ R b1 xr x; tð Þdx. The primary tumor size xp and the total
metastatic burden are observed by bioluminescence.
This model was first introduced by Iwata and colleagues

(15), with x0 ¼ 1 andGompertzian growth g xð Þ ¼ ax log b=x

� �
for primary and secondary tumors. Subsequently, different
methods for the numerical resolution of the model were
proposed in the literature (24, 25). Here, we used an approach
consisting of a model reformulation into a Volterra integral
equation, which can be solved efficiently (26). The equivalence
of the two formulations is shown in the Supplementary Mate-
rial. In this setting, the metastatic burden is given by

M tð Þ ¼
Z t

0
b xp sð Þ� �

xm t � sð Þds þ
Z t

0
b xm sð Þð ÞM t � sð Þds:

Thefirst right-hand termdescribesmetastases emitted from
the primary tumor and the second term describes secondary
metastatic emission. The function xm denotes the size of a
metastasis emitted at t ¼ 0:

d
dt

xm ¼ gm xm tð Þð Þ; xm 0ð Þ ¼ 1:

Statistical model and software
The typical population values and the interindividual var-

iability of each model parameter were the parameters of the
NLME model; they were estimated with the Monolix software.
During model building, data on primary tumor size and
metastatic burden were analyzed sequentially. In the final
model, primary tumor and metastatic parameters were esti-
mated simultaneously.
Model selection was primarily based on Akaike's informa-

tion criterion (AIC). The condition number of the Fisher
Information Matrix [denoted by cond(FIM)] was considered
as a measure of parameter identifiability. In addition to that,
two biologic constraints were also considered, namely the
positivity of a and a tumor doubling time superior to an
experimentally determined in vitro doubling time.
The parameters ap; b; x0; am;m of the final model were

assumed to be log-normally distributed among the individuals
in the population. For implementation, the parameter m was
log transformed and a normal distribution was chosen, yield-
ing a linear dependence of the final structural model on this
parameter. For the residual error, a normal distribution with
constant variance of the log-transformed data was chosen for
primary and secondary tumors.

Model validation
For the finalmodel, model validation consisted of analysis of

individual-weighted residuals (IWRES) for normality, graphical
analysis of visual predictive checks (VPC), and bootstrapping.
We generated 1,000 bootstrap samples, took the 95% confi-
dence intervals of the parameter estimates in the bootstrapped
samples and checked whether the estimated typical values
were within this interval. Data were stratified to account for
different degrees of data richness (27). The R2 coefficient of
determinationwas calculated for the individual primary tumor
and metastatic fits.

Results
Setting optimal experimental conditions

In vitro doubling time was estimated to 34 hours (data not
shown). In preliminary experiments, signal-to-cell ratio was
evaluated by measuring the number of photons emitted
from the MDA-MB-231 line. The determined ratio was 88:37
photons/cell/second. Next, in vivo acquisitions were per-
formed at different times after 150 mg/kg luciferine injection
on satellite tumor-bearing mice to identify the plateau ensur-
ing a maximum signal-to-noise ratio. The emitted signal was
maximal 10minutes after injection, with a plateau lasting up to
15 minutes (data not shown). Consequently, it was decided to
perform all subsequent acquisitions 12minutes after luciferine
injection for optimal sensitivity. Finally, accuracy of the 3D
reconstruction and localization of the signal-emitting sources
were checked on a group of satellitemice by comparing in silico
reconstructed images with necropsy. Excellent accuracy was
obtained, both for localization and signal-to-mass ratio (Fig. 1).
The site of each signal could be localized consistently and even
metastatic signals very close to the primary tumor were
recognized as distinct sources. Repeated reconstructions led
to consistent estimates of the signal intensity per metastatic
site (error rate inferior to 5%).

3Dmonitoring ofmetastatic spreading in tumor-bearing
mice

Tumor injection yielded a 100% engraftment rate in NSG
mice. Figure 2 displays typical 3D reconstructions of a repre-
sentative mouse for the whole observation period. Diffuse light
imaging tomography allowed signal detection from 7:5� 105

cells. The peritoneum was first colonized by metastatic cells,
beginning on day 23. All mice eventually metastasized in this
area. Lungmetastases were first observed on day 30 and 50% of
the mice eventually developed secondary pulmonary lesions.
First, lymph nodemetastases were observed on day 34 and 25%
of the mice showed such lesions.

Measurements on primary tumor size ranged from
6:6� 107 photons/second to 8:3� 1010 photons/second
(3.1 orders ofmagnitude) andmeasurements on themetastatic

Figure 1. Correlation of localization on reconstructed images and
necropsy. Red (big ellipse), primary tumor and peritoneal metastases.
Yellow (rectangle), hepatic metastases. Orange (polygon), pulmonary
metastases. Blue (small ellipse), axillary metastases.

Experimental Validation of a Mathematical Model for Metastasis
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burden ranged from 1:5� 108 to 4:5� 1010 photons/second
(2.5 orders of magnitude).

Primary tumor model
The selection criteria for the primary tumormodels supplied

by Monolix are shown in Table 2. According to AIC, the Berta-
Ex, West-Ex, West, Gomp-Ex, Gompertz, and Bertalanffy mod-
els were the best, whereas the other models (Exponential,
Logistic, Power growth) were clearly rejected.

At the beginning of the experiment (outside of the obser-
vation range), the Bertalanffy and West models predicted very
low initial tumor sizes and very short doubling times. To a
lesser degree, this was also the case of the Gompertz model
with a doubling time below the in vitro value (24 hours vs. 34
hours). The model versions limiting the doubling rate by the in
vitro value (Berta-Ex, West-Ex, and Gomp-Ex) extrapolated to

small sizes correctly and even improved the fit. The Berta-Ex
and West-Ex fits were equivalent and slightly better than the
Gomp-Ex fit.

Metastatic model
First of all, the inclusion of secondarymetastatic emission in

the size-structured model did not alter the results. For faster
simulations, it was thus neglected.

Several combinations of free parameters in the primary and
metastatic Gomp-Ex growthmodels and the emissionmodel b
were then compared. When the same parameters were
assumed for gp and gm , the emission parameter a estimate
was unreliable (negative value) and the model was rejected.
Equally, AIC clearly rejected all models where gp ¼ gm. It was
thus necessary to consider metastatic growth rates different
from the primary tumor growth rate.

The best structure of the metastatic model with Gomp-Ex
growthwas thendetermined (Table 3, top).Modelswith freea or
withonly freemweremis-specified.Themodelwith freem; am; bm
led to inconsistent estimation. Models with one free growth
parameter and one emission parameter (m; am or m; bm)
described the data best. Because of lacking parameter identifia-
bility of the latter and model inconsistency in the bootstrap
procedure (data not shown), the model m; am was selected.

Next, the three best-fitting primary tumor growth functions
(Berta-Ex, West-Ex, and Gomp-Ex) were compared as meta-
static growth functions in the size-structured model. The
Gomp-Ex model fitted the data on metastatic burden slightly
better than the other models (West-Ex:DAIC ¼ 2:6 and Berta-
Ex: DAIC ¼ 3:5). This model was selected for primary tumor
and metastatic growth, preserving the same parametric struc-
ture for both growth processes. The final structure of the
metastatic model was

gm xð Þ ¼ min avitro x; amx log
b
x

� �� �
; b xð Þ ¼ mx2=3

with a primary tumor regression parameter b and two free
parameters m and am.

To validate the direct link between primary tumor size
and metastatic emission, parameters were estimated in two

Day 13 Day 20 Day 27 Day 30

Day 34 Day 37 Day 41 Day 44

Figure 2. 3D reconstructions of a representative mouse.

Table 2. AIC,model estimates of the initial number of cells x0 andmodel-derived doubling times for one cell
and for x0

Model AIC Estimated x0 DT (one cell) DT (x0)

Exponential 387.1 1.7 � 106 109 h 109 h
Gompertz 262.0 6.2 � 104 11 h 25 h
Logistic 303.1 5.0 � 105 65 h 65 h
Power growth 318.2 3.3 � 105 4 h 41 h
Bertalanffy 263.6 3.6 � 10�9 16 min 2 sec
West 258.8 26.3 43 min 2 h
Gomp-Ex 260.3 9.0 � 104 34 h (imposed) 34 h (imposed)
West-Ex 256.5 8.0 � 104 34 h (imposed) 34 h (imposed)
Berta-Ex 255.5 7.6 � 104 34 h (imposed) 34 h (imposed)

NOTE: The Gomp-Ex, West-Ex, and Berta-Ex doubling times are limited by the in vitro doubling time of 34 hours.
Abbreviation: DT, doubling time.
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settings. In both, the primary tumor parameters were first
estimated. Then, the metastatic parameters were estimated
using either the post hoc individual primary tumor parameters
or the typical population values. The comparison of the two
settings showed that individual differences in primary tumor
size highly impact on the goodness of fit DAIC ¼ 3:7ð Þ.
This size-structured model was then compared with ODE

models describing themetastatic burden as one tumor emitted
by the primary tumor at a given time pointt0and growing
independently (Table 3, bottom). Gompertzian growth yielded
low doubling times and a metastatic inception before primary
tumor xenograft (t0 ¼ �3:7day). AGomp-Exmodel placed the
metastatic inception even earlier (t0 ¼ �10:0day). In addition,

goodness of fit of both models was inferior to that of the size-
structured model (DAIC ¼ 4:5 and DAIC ¼ 4:6).

Population parameter estimates with FIM and bootstrap-
computed confidence intervals are shown in Table 4. Param-
eter estimates were close to the bootstrap estimates and inside
the 95% confidence intervals computed by bootstrapping.
Residuals of the primary tumor and metastatic models were
approximately normally distributed (Fig. 3). A VPC validated
both models because all empirical percentiles (10%, 50%, and
90%) were within the theoretical 95% confidence intervals
(Fig. 3).

The R2 coefficient of determination was calculated for
logarithmized primary tumor size and logarithmized

Table 3. Determination of the optimal structure of the size-structured model and maximum likelihood
estimates of independent metastatic growth models

Metastatic model (size-structured)

Number of parameters Estimated parameters Fixed parameters AIC cond(FIM)

1 m a ¼ 2=3; am ¼ ap; bm ¼ bp 246.0 2.5

2 m;a am ¼ ap; bm ¼ bp 241.7 4,800

2 m; am a ¼ 2=3; bm ¼ bp 183.1 80

2 m; bm a ¼ 2=3; am ¼ ap 180.2 490

3 m; am; bm a ¼ 2=3 189.9 690

Independent growth of a metastasis emitted at t0 with size 1

Model name Estimated Fixed AIC DT 1 cell

Gompertz am ¼ 0:04; t0 ¼ �3:7 bm ¼ bp 187.6 17h

Gomp-Ex am ¼ 0:048; t0 ¼ �10:0 bm ¼ bp 187.7 34h

NOTE: Top, determination of the optimal structure of the size-structured model, supposing both primary tumor and metastatic
Gomp-Ex growth; Bottom, maximum likelihood estimates (estimated), AIC, and doubling time of one cell (DT 1 cell) of independent
metastatic growth models.
Abbreviation: DT, doubling time.

Table 4. Population parameter estimates with FIM and bootstrap-computed confidence intervals

Primary tumor
parameters (U)

Typical population
value (�SE) Bootstrap estimate (95% CI)

Interindividual
variability (�SE)

ap (1/day) 0:075 �0:006ð Þ 0:075 0:063; 0:088ð Þ 0:11 �0:048ð Þ
b (cells) 5:4� 108 �8:8� 107

� �
5:5� 108 4:0� 108; 7:6� 108

� �
0:23 �0:14ð Þ

x0 (cells) 9:0� 104 �1:3� 104
� �

9:4� 104 6:9� 104; 1:3� 105
� �

0:18 �0:21ð Þ
Residual error sp 0:47 ð�0:03Þ � �

Metastatic parameters (U)

log mð Þðm : 1=ðcells2=3dayÞ: �0:46 �0:7ð Þ �0:45 �1:98;þ0:80ð Þ 0:21 �0:74ð Þ
am (1/day) 7:9� 10�3 �2:5� 10�3

� �
7:6� 10�3 3:5� 10�3; 1:3� 10�2

� �
0:11 �0:28ð Þ

Residual error sm 0:90 �0:09ð Þ � �
NOTE: First column, typical population values are themedian values of the parameter distributions. SE are given in parenthesis; second
column, bootstrap estimates of the typical population values with 95% bootstrap confidence intervals (95% CI); third column,
depending on theparameter distribution, the inter-individual variability is the parameter variance (normally distributedparameter) or the
variance of the logarithmized parameters (log-normally distributed). SEs are given in parenthesis.
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metastatic burden. The individual primary tumor fits
yielded R2 ¼ 0:94 and the individual metastatic burden fits
R2 ¼ 0:57.

Discussion
An operational diagnosticmodel formetastasis could assess

the risk of occult metastasis and predict growth when no
information is available upon medical imaging. Here, we have
validated a phenomenological model of themetastatic process
in a combined experimental and modeling approach.

Tumor heterogeneity and intertumor diversity result in an
enhanced complexity (28), which the most sophisticated
mechanistic models fail to match. For an adequate descrip-
tion of sparse experimental and clinical data on tumor
growth and metastatic emission, only phenomenological
approaches summing up most underlying mechanisms are
conceivable.

Human MDA-MB-231 breast cancer cells were selected
as a substrate widely used in experimental therapeutics with
breast cancer, especially for addressing cell migration and
distant metastasis (29). Bioluminescence tomography was

Figure 3. Monolix outputs. Left, primary tumor fit (Gomp-Exmodel). Right, metastatic model fit (Gomp-Ex growth). Top, IWRES assess whether the difference
between individual fits and observations is consistent with random error. Residuals are approximately normally distributed. Bottom, VPC compares
observations and simulations ofmodel predictions visually. All empirical percentiles (10%, 50%, and 90%) arewithin the corresponding 95%VPCconfidence
intervals.
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chosen as a noninvasive method for monitoring accurately
both primary tumor growth andmetastatic spreading (30) and
for detecting deep lesions as small as 7:5� 105 cells. The
primary tumor was not resected during the experiment
because of the potential impact on spreading (31). NSG mice
were chosen because of their high level of immunodeficiency,
ensuring a maximal metastatic spreading. Preliminary
attempts to generate distant metastasis with other animals
(e.g., NMRI or Swiss nu/nu mice) grafted with the MDA-MB-
231 line had a high failure rate. Here, all animals generated
secondary lesions within 3 to 4 weeks postengraftment, mainly
in the peritoneal cavity. Secondary sites were the lungs and
lymphnodes. Of note, no bonemetastaseswere observed in our
experiments, although this lesion is frequently observed in
patients with breast cancer.
With 166 data records on 16 mice, ranging over three orders

of magnitude, and a moderate noise level, our primary tumor
data were an excellent benchmark for tumor growth models.
Among six growthmodels reported in the literature, threewere
found to describe our data significantly better than the others,
namely the Bertalanffy, West, and Gompertz models. Because
of the close resemblance of three-parameter tumor growth
models, some authors have cast doubts on their distinguish-
ability (4, 32). It is thus remarkable that our data permitted this
distinction.
As a subsequent model validation step, doubling times were

estimated for the initial predicted sizex0 . For all three models,
doubling times were estimated below the experimentally
determined in vitro doubling time, which is biologically aber-
rant. This has been reported previously for the Gompertz
model (11), but we found that the effect was much more
pronounced for the Bertalanffy and West models, which
missed the doubling time and the initial size x0 by several
orders of magnitude. To overcome this biologically unrealistic
model behavior, hybridmodels (Berta-Ex,West-Ex, andGomp-
Ex) featuring a growth speed limitation by the in vitro growth
speedwere considered. These hybridmodels also improved the
model fits.
In the three final primary tumor growth models, the initial

tumor size was estimated to 9:0� 104, 8:0� 104, and
7:6� 104, respectively. Because approximately 1:5� 105 cells
were initially injected, this means that approximately 40% to
50% of cells were lost during xenograft, a finding consistent
with the steps (washing, trypsinization, washing, suspension in
Matrigel-based matrix, injection) the cells underwent before
being grafted. This finding corroborates the in vivo validity of
the signal-to-cell ratio, which was determined in vitro.
The original metastatic model by Iwata and colleagues had

to be adapted and different growth functions were needed to
describe primary and secondary tumor growth. The data on
total metastatic burden were best described by a Gomp-Ex
growth model with two free parameters, one describing met-
astatic emission and the other metastatic growth.
The final metastatic model structure was corroborated by

VPC, analysis of residuals, and bootstrapping. The R2 values
were excellent for the main tumor and satisfactory for the
metastases. Several factors could explain why R2 values were
lower for the total metastatic burden than for the primary

tumor size. The signal of early metastases was lower than
primary tumor signal, effectively making the primary tumor
a source of noise for close peritoneal metastases. The
anatomy of the lungs also degraded the signal localization.
Furthermore, the metastatic development follows different
dynamics in each organ, which was lost when summing up
the site-specific metastatic burdens to a global quantity.
Nevertheless, in contrast with the number of metastases and
site-specific burdens, the total metastatic burden had the
advantage of robustness against misclassification between
different metastases.

Our population-based modeling approach revealed that
individual differences in metastatic development cannot be
explained by differences in metastatic growth and emission
rates only. Individual differences in primary tumor size also
have a considerable impact on spreading.

Because most of the data on metastatic burden come
from one or two large metastases in the peritoneum, the
question arose whether the size-structured model describes
this situation better than a simple ODE growth model for
one peritoneal metastasis. Most interestingly, ODE models
fitted to the peritoneal data yield both unreasonably short
estimates of small-size doubling times and a metastatic
inception before primary tumor xenograft. In other words,
the peritoneal metastases grow too fast to be described
by ODE models with biologically reasonable parameters.
The size-structured model provides an explanation to fast
peritoneal growth, predicting rapid metastatic emission
and large numbers of metastases in this site. Because of
the high degree of immunodeficiency of the NSG mice, rapid
metastatic emission was certainly plausible in our pre-
clinical experiments. The simultaneous growth at biologi-
cally reasonable rates could have led to a very quick
development of metastases that need not be distinguishable
macroscopically.

The case of the peritoneum shows that the apparent number
of metastases reveals little about the underlying growth and
emission processes and that little insight would be gained by
confronting these predictions to the number of metastases
visible on images or at necropsy. The modeled number of
metastases should rather be understood as the number of
metastatic foci, meaning that the fast growth of the peritoneal
metastasis is explained by a large number of foci.

Conclusion
Developing in silico tools to better forecast the evolution of

cancer is a rising trend in experimental and clinical oncology.
In this work, the confrontation of a model for tumor growth
and metastatic spreading to experimental data yielded biolog-
ically significant findings. First, parameters describing both
metastatic growth and metastatic spreading can be identified
frommeasures of the totalmetastatic burden. Second, our data
validate a major modeling hypothesis, the structural link
between metastatic emission and primary tumor size. Finally,
fast peritoneal growth is accurately described by our meta-
static model but not by simpler phenomenological models.
Although the best parametric structure is data dependent and
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could be different if more data were available, the predictions
confirm the validity of the general modeling approach.

In a clinical setting, metastatic growth and emission para-
meters would have be inferred from information available at
diagnosis, which could consist of oncogenic biomarkers and
measurements of circulating tumor cells or tumor DNA (33).
This type of information could be naturally included in the
metastatic model via the metastatic growth and emission
rates. Kinetic information on metastatic spreading would
also facilitate the experimental validation of biologic hypoth-
eses. It has been previously described how measurements of
circulating tumor cells would permit to determine the role of
secondary metastatic emission (34). Beyond that, a multisite
metastatic model could map kinetic information onto the
heterogeneity of cancer in different organs.

Optimization of cancer therapy is another important field of
use ofmathematicalmodeling. This includes optimizing dosing
regimen through better understanding of PK/PD relationships
(35). Several extensions of the metastatic model including a
treatment have been proposed (36–38). The next step of this
work should be to confront model predictions with data in a
therapeutic framework. Furthermore, once parameter values
are determined and validated, the impact of a variety of treat-
ments could be tested in silico so as to identify the best design.

A model able to predict metastatic growth could give a
more precise description of the metastatic state of a patient
than the TXNXMX-staging score commonly used in the clinical
practice. On the basis of model predictions of the number
of metastases and metastatic burden, the metastatic model
discussed here could yield a score indicating the risk of

occult metastasis during diagnosis or metastatic relapse after
surgery. This supplementary information could help the clini-
cian with decisions on treatment strategies.
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