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ABSTRACT

A mathematical model is presented which seeks to determine, from
examination of the response durations of a group of patients with malig
nant disease, the mean and distribution of the resistant tumor volume.
The mean tumor-doubling time and distribution of doubling times are
also estimated. The model assumes that in a group of patients there is a
log-normal distribution both of resistant disease and of tumor-doubling
times and implies that the shapes of certain parts of an actuarial response-
duration curve are related to these two factors. The model has been
applied to data from two reported acute leukemia trials: (a) a recent
acute myelogenous leukemia trial was examined. Close fits were obtained
for both the first and second remission-duration curves. The model results
suggested that patients with long first remissions had less resistant
disease and had tumors with slower growth rates following second line
treatment; (b) an historical study of maintenance therapy for acute
lymphoblastic leukemia was used to estimate the mean cell-kill (approx
imately IO4cells) achieved with single agent, 6-mercaptopurine. Appli

cation of the model may have clinical relevance, for example, in identi
fying groups of patients likely to benefit from further intensification of
treatment.

INTRODUCTION

Clinical trials in cancer are often designed to compare differ
ent drug combinations or schedules. With the number and
variety of drugs available and active in many cancers, this
approach means that it can often take numerous trials and
many years to advance the treatment for a particular cancer (1).

For many cancers, the treatment will eradicate some or all of
the measurable tumor. An apparent disease-free period ensues,
often followed by relapse. There is at present, however, no way
of determining how near cure the patient was following treat
ment. The duration of the disease-free period does not in itself
determine this, since tumors are known to grow at different
rates. A late relapse could equally well be a result of rapid
regrowth following near extinction of the tumor or slow re-
growth of a sizable (but not clinically detectable) residual tumor.

It is thought that treatment can influence both the amount
of tumor killed and the rapidity with which this occurs and
that, where treatment fails to cure the patient, this is usually
because the tumor has become resistant. These ideas, originally
explored by Skipper et al. (2), provide possible explanations for
observed differences between treatments and often form part of
the rationale for design of new trials. However, there is currently
no way of quantifying these effects, with the result that many
trials are designed using a mixture of experience and guesswork.
If it were possible to explain why one treatment proved better
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than another, then future trials could be designed more ration
ally. For example, treatment could be targeted to groups more
likely to benefit from intensification or reduced in groups seen
to need little further treatment. The explanation of why a
particular treatment proved better might preclude some choices
for the next trial and favor others. Trials could be expected to
lead on logically, one from another, and progress might be more
rapid.

A mathematical model has been developed which seeks to
derive this information from the durations of response to treat
ment for a group of patients. It was observed that the shapes of
response-duration curves exhibited certain patterns: (a) it was
observed that such curves exhibited plateaus, i.e., the curves
seemed to be asymptotically approaching some final percentage
greater than zero; (b) the curves seemed to have a steep slope
before flattening out to the plateau, and the approximate period
over which they flattened out consistently began at the same
time posttreatment for a particular cancer; (c) response-dura
tion curves with a higher plateau also showed more of an initial
shoulder; (</) the remission-duration curves for tumors which
were thought to be faster growing had steeper slopes than those
for which the tumor was thought to grow slowly. It was hypoth
esized that these patterns resulted from differences in the mean
growth rates and in the variability or spread of growth rates of
residual disease posttreatment. A mathematical model was
developed to try to estimate these quantities.

MATERIALS AND METHODS
The Model. When patients achieve a "complete response" to treat

ment, their tumor volume is reduced below the level, V,,3where it can

be clinically detected. Clinical relapse occurs when the tumor grows
back to this level. Partial responses can be considered in the same
manner, although with the residual tumor still being clinically detecta
ble. The model assumes that the volume of resistant tumor at the start
of treatment which is destined to regrow and cause subsequent relapse
is log-normally distributed over the population of patients under con
sideration and that the mean and SD of the log of this resistant disease
are denoted by p, and <rv,respectively (Fig. 1). In the event of the
resistant tumor being less than a given log volume, I n (not necessarily
1 cell), the patient is assumed to be cured. Otherwise the resistant
tumor is assumed to grow exponentially during and after treatment
until relapse occurs. The rate of this regrowth is assumed to be taken
from a log-normal distribution of doubling times, the mean and SD of
the log of doubling times being denoted by Â¿t8and <?,,respectively (Fig.
2).

The model assumptions give rise to response-duration curves of the
desired shapes. The "plateau" in the curve follows from allowing for

the extinction of the malignant tumor when reduced below a given
level. The curves flatten out gradually, as a result of some tumors

3The abbreviations used are: I,. log relapse threshold; n,, mean of the log of

resistant disease; a,, SD of the log of resistant disease; v,, mean of the log of
doubling times; <râ€žSD of the log of doubling times; AML, acute myelogenous
leukemia; MRC. Medical Research Council; CR, complete remission; ALL, acute
lymphoblastic leukemia: 6-MP. 6-mercaplopurine.
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RESPONSE DURATIONS AND RESISTANT DISEASE

having slow regrowth rates and small resistant volume. The equation
describing these curves is given in the "Appendix."

Application of the Model. To use the model it is necessary to have
the response-duration times for the group of patients of interest. The
model is then applied to this data set, using an iterative procedure
which generates the model curve most closely fitting the observed
response-duration curve, using the maximum likelihood method (see
"Appendix" for the mathematical details and a worked example). This
"best fit" curve corresponds to a unique set of values for MV,ffÂ«MS,and

ffg.Thus the values for the mean and SD of the log of resistant disease
and the mean and SD of the log of the doubling times are estimated
directly from the response-duration times.

Model Assumptions. The model assumes exponential growth. This
assumption may be invalid with large tumors, when a gompertzian rule
may be more accurate, but for tumors in response it is likely to be a
good approximation (3,4). The assumption of a log-normal distribution
of doubling times is taken from studies of a wide variety of tumors
reported by Shackney et al. (5) and Pearlman (6). A recently published
mathematical model by Norton (7) also assumed a log-normal distri
bution of doubling times, based on data from breast cancer.

The model estimates the volume of disease resistant to the treatment
given. This assumes that sufficient treatment was given to eradicate all
sensitive disease. If this were not the case, the model would be unlikely
to provide a good fit. This will certainly be the case when treatments
are given continuously until relapse and may well be the case for shorter
treatments, since clinicians generally tend not to stop treatment early
in case further benefit is still possible.

The estimates of resistant tumor volume for two different treatments
given to similar patient groups can be compared. The difference in
tumor volume can be considered as the extra "cell-kill" achieved with

the more effective treatment.
The distribution of tumor resistant to treatment is difficult to deter-
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CLINICALLY DETECTABLE DISEASE
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Fig. 1. Assumed distribution of resistant disease at the start of treatment for
the whole patient population.
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Fig. 3. The expected distribution of resistant disease for MRC AML trial 8
after 60 days, assuming an initially log-normal distribution and that regrowth is
taken from a log-normal distribution of doubling times. A log-normal distribution
is also shown for comparison.

Table 1 Parameter estimates for MRC AML trial 8, assuming Iff cells are
clinically detectable and all these cells need to be eliminated to cure the patient

GroupFirst

CR
Second CR'(l)
Second CR' (2)
Second CR' (3)No.

ingroup751

48
6327Log

of remaining
resistanttumormean

M1.9
(2)J

2.6 (7)
2.3 (5)
O.I (3)SDM2.1

(6)
1.5(21)
1.8(16)
0.9(186)DT"Days*(M.)17(1)

8(7)
14(4)
19(7)SDC(",)0.40

(4)
0.41 (13)
0.29(13)
0.29 (24)95%

range
ofDT3-100

1-51
4-50
5-69

" DT, doubling time.
* Converted from mean log DT, i.e., 10 "~"'<*DTI.
fSDoflog,o(DT).
d Numbers in parentheses are SEs of estimates (given as % of parameter

values) and indicate the precision of the parameter estimates.
' The three second CR groups are determined by the duration of first CR.

Group 1: first CR, 0.5-1.5 years; group 2: first CR, 1.5-2.5 years; group 3: first
CR, >2.5 years.

mine. However Goldie and Goldman (8) examined the consequences of
the tumor having a constant rate of mutation to resistance during its
lifetime. They simulated the growth of a large number of tumors with
constant mutation rates to resistance, by computer, and plotted the
resultant distribution of resistant tumor volumes on presentation, when
the whole tumor had reached a particular volume. Our examination of
the Goldie and Goldman curve suggested that this distribution could
be reasonably approximated by a log-normal distribution. We have
repeated this simulation for many different mutation rates, and the
resulting distributions all appear to be log-normal.4

Since the model is estimating resistant disease at the start of treat
ment, the response durations should be measured from this time.
However, response durations are often reported from the time of
response. Fortunately, times from treatment to response are usually
sufficiently short that a distribution of resistant disease which was log-
normal at the start of treatment will still be approximately log-normal
at the time of response, if the distribution of doubling times is log-
normal. This is demonstrated in Fig. 3 which shows the expected
distribution of resistant disease for the first example, presented below,
after 60 days, assuming an initially log-normal distribution, and that
regrowth is taken from a log-normal distribution of doubling times.
(The parameter values for this plot are taken from Table 1, and a log
normal distribution is also shown for comparison). Thus, although the
model should ideally use times from the start of treatment, using times
measured from the achievement of response is likely to provide a
reasonable approximation.

Thus, if sufficient treatment is given to eradicate the sensitive tumor,
the residual disease will be resistant and will be approximately log-
normally distributed. Where very short durations of treatment have

Fig. 2. Assumed regrowth rates of resistant disease. 4 W. M. Gregory, unpublished results.
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RESPONSE DURATIONS AND RESISTANT DISEASE

been used as to make it doubtful that all anti-tumor effect has been

achieved, the model results may have to be interpreted with caution.
Interpretation may also prove difficult where complicated regimens are
given over long periods, since, if long delays occur between different
sections of the regimen, resistance may have been acquired in the
intervening periods.

If resistance, and thus residual disease after treatment, is caused by
mutation to resistance, then the volume of this resistance is determined
by the mutation rate (which is per generation) and a random factor
depending upon when the first resistant mutant arose. Thus the volume
of resistance at presentation is related to the number of generations
until presentation, which is independent of the doubling time. The
model thus assumes that the regrowth rate is independent of the
resistant disease.

It may appear that the assumptions of the model take no account of
clonogenic or stem cells. However, the model merely assumes that the
whole tumor is growing exponentially. This leaves room for hypotheses
about the growth of clonogenic cells. For example, suppose that 1 in
1000 cells were really clonogenic and causing repopulation of the
tumor. Mackillop et al. (9) demonstrated that the growth of such a
clonogenic compartment would parallel the growth of the whole tumor
when the relative proportions (1:1000) were equal. Otherwise, the
system would try to return to this balance, i.e., if the treatment had a
greater cell-killing effect on the clonogenic population, this population
would regrow faster than the whole population until equilibrium was
reestablished (at 1:1000 cells). The model would thus be reflecting
growth of the clonogenic compartment, with perhaps IO6 cells being
required for relapse, rather than 10'. The growth parameter could then

be reestimated under this assumption. Thus it is possible to apply the
model under the assumption that the residual tumor burden is com
posed entirely of clonogenic cells.

The variability in volume of tumor at relapse seems likely to be
random for a series of patients, since there is no reason to suppose that
patients with less resistant disease following initial treatment would
present with larger or smaller volumes of disease on relapse. There may
be some slight correlation of relapse volume with growth rate in slowly
growing tumors, but even in breast cancer, where such a correlation
has been looked for, only a very slight correlation (r = 0.29) was
observed (10). Thus the model assumes a constant tumor volume on
relapse.

Testing for Differences in the Estimates of the Model. It is possible
to test the significance of differences between each of the parameters
of the model when different patient groups are compared (i.e., the mean
and SD of the log of resistant disease, and the mean and SD of the log
of the doubling times). This is done by comparing the log-likelihood
value for the fit of both curves with all the parameters unrestricted in
value with a similar log-likelihood value where the fit has the restriction
that the parameter of interest must have the same value in both curves.
This is the likelihood ratio test (11) and produces a x2 statistic and P

value, which indicates the degree to which the difference between the
two curves depends on that particular parameter.

Tumor-doubling Times. If the model is to be used to estimate tumor-
doubling times, an assumption must be made about the volume of
residual disease below which a "cure" is achieved. It is simplest to

assume that this is one cell, i.e., that all tumor cells need to be eliminated
in order to cure the patient. However, it may be that small tumors can
die out naturally or that host defense mechanisms can destroy some
tumor cells. An alternative approach therefore is to assume a range of
values of doubling times from published estimates. By using these
values to fix the mean log of the doubling time, one can use the model
to assess the cure threshold. Both of these methods are used in the
examples provided.

RESULTS

AML. The first application is taken from an MRC trial in
acute myelogenous leukemia (MRC8) (12). This large trial
affords an exceptional opportunity to verify some of the predic
tions and assumptions of the model. A total of 1127 patients

were treated in this trial, of whom 757 achieved a CR. Of these,
559 subsequently relapsed and 155 then achieved a second CR.
[The numbers given in this paper show some differences from
those given in the paper by Rees et al. (12), since updated data
have been used in this analysis. In addition, the second CRs
after relapse from bone marrow transplants have been ex
cluded.]

The large numbers of patients in this trial allow a detailed
examination of the durations of second CR as they relate to the
duration of first CR. The model produced a good fit to the
duration of first CR for the whole trial (Fig. 4). The correspond
ing model estimate for the shape of the distribution of resistant
disease is similar to that shown in Fig. 1, and the parameter
values are shown in Table 1. The lower broken line in Fig. 1
represents the cure threshold. The shape can be plotted in this
way without making any assumptions about the actual position
of the cure threshold. By either assuming a particular doubling
time or by fixing the cure threshold at some particular number
of cells, the whole picture can be completed and the Y axis
labeled appropriately (see, for example, Fig. 6). The parameter
estimates in Table 1 are given under the assumption that the
cure threshold is one cell. The mean resistant tumor volume
under this assumption is thus !()'â€¢''--â€¢80 cells, and the estimated

mean of the log of the doubling time is 17 days (Table 1). (Table
1 also provides SEs for the estimates, using second order
derivatives; see "Appendix." The SE for the doubling time

estimate gives a 95% range of 16.6-18.1 days.) For an individual
with the mean log of the doubling time as estimated, and the
lowest possible tumor volume not commensurate with cure, the
response duration would be approximately 1.5 years. Thus,
under the model assumptions, any patient relapsing beyond 1.5
years should have a slower growing tumor than average. Fur
thermore, since the model predicts that these patients had
nearly all their tumor eliminated during the first treatment, it
would be expected that they might have a better response and
response duration during the second treatment (assuming that,
for an individual patient, the growth rate of the tumor after
relapse is related to the initial growth rate). These effects should
be accentuated for still longer relapse times, for example, after
2.5 years.

The durations of second CR, as they relate to the duration of
first CR (divided at 1.5 and 2.5 years to accord with the
predictions mentioned above) are given in Fig. 5 along with the
model fits. Very few patients with a first CR of less than 6
months achieved a second CR, and this group has therefore
been excluded. The model estimates for resistant tumor and

10
TIME (YEARS)

Fig. 4. MRC AML trial 8: duration of first remission with model fit.

1212

D
ow

nloaded from
 http://aacrjournals.org/cancerres/article-pdf/51/4/1210/2446290/cr0510041210.pdf by guest on 19 M

ay 2023



RESPONSE DURATIONS AND RESISTANT DISEASE

2 3
TIME (YEARS)

Fig. 5. MRC AML trial 8: durations of second remission (REM.) as they
relate to the duration of first remission, with model fits.

CLINICALLY DETECTABLE DISEASE

1ST HEM. 1.5-2.5 YEARS
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PROBABILITY DENSITY

Fig. 6. MRC AML trial 8: estimated distribution of resistant disease for the
three second remission (REM.) subgroups obtained from the model fits.

doubling times, calculated from the second remission-duration
curves, are given in Table 1 and the resistant tumor estimates
are shown graphically in Fig. 6. The Y axes are fixed using the
assumption that the cure threshold is one cell. The estimated
doubling time for the patients whose first relapses occurred
after more than 1.5 years is greater than the doubling time for
those relapsing earlier. For patients relapsing initially after 2.5
years this trend is even more pronounced, and these patients
clearly have a better response duration. Furthermore, the esti
mated resistant disease after second treatment for this latter
group is very low (mean, 10Â°', i.e., 1 cell) and narrowly spread

close to the cure threshold as predicted. The model has thus
provided and confirmed insights regarding relationships be
tween durations of first and second remissions. The curves in
Fig. 5 also demonstrate clearly the hypothesized patterns in the
shapes of response-duration curves mentioned in the "Intro
duction." They flatten out to plateaus, which occurs at the same

time posttreatment (approximately 3-4 years), and the curves
with steeper slopes appear to represent faster growing tumors.

The four model parameter estimates for the different second
CR groups were compared as described in "Testing for Differ
ences in the Estimates of the Model." The differences between

individual parameters for patients whose first relapse occurred
before or after 2.5 years did not achieve statistical significance,
although there was a trend for the mean resistant disease to be
lower in the latter group (P = 0.15). The reason for the lack of
statistical significance in the resistant disease estimate is inter
esting. Although the best fit curve for the group relapsing

beyond 2.5 years is based on 40% of patients being cured, the
follow-up of these patients is not sufficient to exclude the
possibility that this curve will continue falling and that most
patients will subsequently relapse. (The model is still capable
of producing a reasonably good fit under this assumption.) If,
however, the long remitters in this curve were to continue
without relapsing for another year, this would no longer be the
case, and the mean resistant disease estimate would be statisti
cally significantly different from the patients whose first relapse
was less than 2.5 years. This indicates the need for "mature"

actuarial data for application of the model. The difference in
doubling time estimates was not sufficiently large to reach
statistical significance, given the rather small numbers in the
two groups.

For all the curves given it is apparent that the model fits are
excellent. This was confirmed by dividing the data into intervals
for each curve and performing a x2 goodness of fit test between

the observed and predicted numbers of events in each interval.
The intervals were chosen to ensure at least 5 expected events
in each (13). P values of >0.3 were produced on all occasions.

Different assumptions can be made for the value of the cure
threshold without affecting either the shape of the estimated
residual disease or the likelihood (see "Appendix"). The cure

threshold can therefore only be gauged indirectly by examining
published doubling time estimates and seeing whether they
concur with those produced by the model under a particular
assumed cure threshold value. Published estimates of doubling
times for AML are rare, but in a series of 69 patients an
approximate median of 10 days has been reported (14), based
on differential counts from successive bone marrow smears
prior to relapse. Comparable estimates of approximately 5 days
have been made for acute lymphocytic leukemia (15, 16). The
published estimates for AML are thus similar to the model
estimates from the second remission data in MRC8, under the
assumption that the cure threshold is one cell. This assumption
for the cure threshold is thus supported and suggests that all
leukemia cells need to be eliminated in order to cure the patient.

ALL. The second example is taken from a published trial
examining the role of maintenance therapy in patients with
ALL, dating from 1963 (17). Following initial induction with
prednisone, patients were randomized to receive either 6-MP
or placebo. The 6-MP group had significantly longer durations
of remission. It is possible to deduce approximate values for
the relapse times of the patients by careful measurement of the
published curves . The reconstructed curves are shown in Fig.
7, along with the model fits. Comparison with the published

O.S 1 -O 1.5
TIME (YEARS)

Fig. 7. Reconstructed durations of remission for ALL from the paper by
Freireich et al. (17). with model fits, for prednisone with or without 6-MP.
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RESPONSE DURATIONS AND RESISTANT DISEASE

curves showed a very close agreement.
The resistant disease estimates, assuming that all cells need

to be eliminated to cure the patient, were IO76 for prednisone
alone and IO4 for prednisone plus 6-MP, as shown in Fig. 8.

Thus the model estimates that the 6-MP gave nearly 4 addi
tional logs of cell-kill compared with the prednisone alone. (It
should be remembered that the model is estimating resistant
disease for the particular treatment given, at the start of that
treatment, as distinct from the actual residual tumor in the two
groups at randomization, which would presumably be similar.)
The doubling time estimates were similar for the two groups
and fell in the range found by others when measuring doubling
times for ALL (5-15 days) (15, 16). These data therefore also
support the assumption that all malignant cells need to be
eliminated in order to cure the patient.

The statistical significance of the difference in mean resistant
tumor between patients receiving placebo and those receiving
6-MP was examined, as described in "Testing for Differences
in the Estimates of the Model." The model was applied to the

two data sets but with the constraint that one or more param
eters were fixed to be the same in both groups. First, both the
resistant disease and doubling time estimates were fixed. Sat
isfactory fits to the actuarial data could not be obtained (x2 =
30.7, P <K0.0001, likelihood ratio test). This demonstrates that
either the resistant disease estimates or the doubling time
estimates must differ. To decide between these two alternatives,
each of the parameters was fixed in turn to be the same in each
arm. When the resistant volume was fixed in this way, adequate
fits could be obtained. However, in order to obtain these fits
the spread of the log of resistant disease had to be 7-fold larger
in the placebo arm than in the 6-MP arm. This is clearly
unreasonable, since it implies that nearly one-half of the 6-MP'

group had more resistant disease than those who received
placebo only. Chemotherapy is unlikely to have had a negative
effect on cell-kill. Conversely, when the doubling time estimates
were fixed, adequate fits were also obtained, but no anomalies
were observed in any of the other parameters. A difference in
resistant disease is thus demonstrated.

DISCUSSION

A model has been presented which attempts to infer the
magnitude and distribution of resistant disease for a group of
patients from their observed durations of response. The first
test of such a model is how well it fits the data. The model fits

CLINICALLY DETECTABLE DISEt:

)PLACEBO

.4 .6 .8
PROBABILITY DENSITY

Fig. 8. Estimated distributions of resistant disease for ALL patients treated
with prednisone with or without 6-MP, showing the additional 4 logs of cell-kill
achieved with the 6-MP.

for all the actuarial curves for leukemia shown in this paper are
excellent. Further development is necessary to estimate the
sensitivity of these results to the various assumptions, particu
larly that of the log-normal distribution of resistant disease.

However, the extremely good fits to the model obtained under
the current assumptions suggest that these are well founded, at
least for acute leukemia.

What use can be made of the model? By estimating resistant
disease after treatment, the model may provide important in
sights into the effects of treatment and directions for future
research. In the AML example, groups of patients with a small
and narrowly spread volume of disease after treatment have
been identified. It may thus be possible to devise better treat
ments for this group of patients. In the ALL example the model
gives an estimate of the cell-kill of the 6-MP and thus provides
vital information on the effectiveness of the treatment. Such
information is not currently available in any other way. In
addition, since this technique can be applied retrospectively to
published data, it may yield vital information concerning, for
example, the cell-kills of single agents, which are now used in
combination, making the role of each drug difficult to deter
mine. The magnitude of the effect in the 6-MP trial was by no
means apparent from the curves alone. Since all patients in the
trial relapsed, the 6-MP might be thought to have a delaying
effect on the regrowth of the disease. It is apparent from the
model results, and from deeper thought on the shapes of the
curves, that the effect is on cell-kill. (The 6-MP curve is essen
tially shifted to the right, the slopes of the two curves are
similar, and thus the growth rates are the same.) Even so, the
magnitude of the cell-kill effect is not apparent without using
the model. We are currently combining this knowledge with
that from other ALL trials in order to reevaluate the role of
maintenance therapy in patients with ALL.

Turning to other malignancies, if cure is a rare event in the
cancer under study (e.g., small cell lung cancer), the model can
predict whether a large increase in treatment efficacy would be
necessary to improve the situation. If the volume of disease
after treatment were very small, with a narrow spread, then a
small increase in the efficacy of treatment would be likely to
produce a marked increase in the proportion of long-term
survivors. Minor alterations of scheduling, dose, and drugs
might be worthwhile. Alternatively, for groups of patients with
a large and more widely spread resistant volume, minor changes
in therapy would be unlikely to yield substantial benefit.

A number of other uses of this model are currently being
explored and will be discussed briefly. The results will be
reported separately. It may be possible to estimate the cell-
killing effects of individual courses of treatment, by analyzing
trials in which different numbers of courses of treatment are
given. It would thus be possible to estimate the optimum
number of courses to give or the ideal time to change to a
possibly non-cross-resistant drug combination.

A further application of the model would be to estimate
distributions of subclinical metastatic tumor at the time of
presentation by looking at actuarial plots of the time to occur
rence of mÃ©tastases.That is, if the volume of metastatic tumor,
on presentation with the primary, is log-normally distributed,

then the model can use the time that this tumor takes to become
clinically manifest, i.e., the time to occurrence of mÃ©tastases,
to estimate the volume and growth rate of this metastatic
disease. This approach is being explored in breast cancer, for
which it is hoped that it may aid in the analysis of adjuvant
chemotherapy trials.

1214

D
ow

nloaded from
 http://aacrjournals.org/cancerres/article-pdf/51/4/1210/2446290/cr0510041210.pdf by guest on 19 M

ay 2023



RESPONSE DURATIONS AND RESISTANT DISEASE

The doubling time estimated from the durations of first
remission for MRC8 is slightly longer than that obtained from
the second remission times and from published estimates. This
could be a result of the maintenance therapy, which may have
a slight but continual depressive effect on the regrowing tumor.

It is apparent from the SEs of the parameter estimates shown
in Table 1 that the model is somewhat less precise in estimating
the SDs <TVand <rgthan the means MVand ÃŸt.This is because the
variability in certain parts of the curve could be attributable to
variability in either regrowth rate or resistant disease. This area
is being further investigated by examining the likelihood con
tours as <TVand ag vary. However, the SEs are not so great as to
invalidate any of the conclusions reached, since the significance
tests between different parameters take account of this variabil
ity.

It would be of great interest to fit the model to a variety of
cancers, in order to see whether the finding that all cells need
to be eliminated to cure the patient is consistent across a range
of diseases.

It should be noted, as with all mathematical models, that this
model is only a representation of reality. Alternative assump
tions are possible and may also provide good fits to the data.
Its appeal lies in its biologically based assumptions and the
consequent possibilities for clinical interpretation.

Preliminary results from this model appear encouraging. It
is hoped that this mathematical model will provide a useful
adjunct to the standard actuarial analysis of response durations
and survival.
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where

z = log + log[lofc(2)].

fi(y) =

[ff, - Â¿Â»(Mg- z)]

and a,, a2, aÂ¡,a4, a5, and b are constants (18). P(CR) is the probability
that the resistant tumor volume was lower than the relapse threshold
y,, i.e.,

P(CR) =- r
J-,

g.Mv.fv)can then be evaluated by numerical integration using an
extension of Simpson's rule (19).

The probability density function (pdf) p(t, MB,<TK,M>,a,)

d
= -jt P(t, Mg, "g, Mv, (Tv)

can also be deduced numerically by evaluating P(t, MB,as, MV,ay) at two
nearly identical times t and t + St.

The likelihood, L, of the data under this distribution is thus the
product of the probability density function probabilities for each com
pleted time to relapse and the probability of remaining in remission
longer than the time under consideration for the censored times (which
includes the probability of being cured, as well as the probability of
relapse occurring after this time), i.e.,

Â¿(Mv,o\, Mg, <Tg)= O />('Â¡,Mg. "g. M>, <T>)

APPENDIX

Let the random variables V and G be normally distributed and
represent the log of the resistant tumor burden, with mean MVand SD
ffÂ»,and the log of the tumor doubling time, with mean nt and SD ae,
i.e., V ~ yV(Mv,ffv)and G ~ N(fie,as). Consider an individual tumor, i,

reduced to a log volume v below the log relapse threshold, V,, and
having a log tumor-doubling time g. Then the probability, PI, of relapse
before a given time / for this patient is given by integrating over all
values of g which result in relapse before /, i.e.,

dg = P(t, Mg, Tg, v).

However, the resistant tumor is log-normally distributed, and not all
tumors necessarily achieve CR (i.e., v is not always <Fr). Let the
probability of achieving CR be P(CR). Then the probability, P, of
relapse before a given time t for the whole population is

Mg,ffit,
P(CR)

= P(t, Mg,ffÂ«,Mv, ffv)

P(t, Mg,<Tg,v) can be approximated by

II [d - P(tâ€ž Mg, <V Mv, <T,)]
i-m-H

where ÃÂ¡,i = 1,...,m are the completed times to relapse, and /Â¡,/' = m +

1,.... n are the censored times to relapse.
Hence

Log Z. = I log[/>(fÂ¡. Mg, Tg, M>, <O1

+ Z log|[l -/>(/â€žMB, ffg, Mv, TV)]|
i=m+l

In order to maximize log L (and thus L) it is necessary to deduce the
first order derivatives

u Log L dLog L d Log L d Log L

<7Mv OffÂ» <?MB dffg

This is done by numerical methods as for

- P(t, Mg, ag, MV, *,).

Log Â¿can thus be maximized using a semi-Newton algorithm,
producing estimates of MÂ«MB.TV,ag. The variability in these estimates
can be evaluated using second order derivatives. Because of the numer
ical methods involved, a computer is clearly essential for deriving these
estimates. Such derivations typically took between between 5 min and
l h of processing time on a DEC 2060 mainframe computer, depending
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on the size of the population to be fitted and the rapidity of convergence
of the semi-Newton algorithm. A version of this program has been

written for IBM compatible microcomputers and is available on request.
With this program the fitting algorithm may take several hours to
converge on the "best" fit.

The distribution of P has been portrayed in the text as depending on
just the four parameters, nâ€žaâ€žÃŸs,ag, and not on the volume of disease
needed to be eradicated to cure the patient, V, â€”¿�V<>.This is because it

is the shape of the distributions that determines the relapse pattern,
and this is independent of V, - K0.(For different values of V, - Vathe

doubling times and resistant disease can be multiplied proportionally
to produce identical likelihoods and identical response-duration curves.)

Worked Example. To demonstrate how these methods are applied in
practice consider the second remission AML curve for patients with
first remissions greater than 2.5 years.

Initially, the following guesses were made for the values of the four
model parameters: n, = 1, <r,= 2, jig = 1.2, a, = 0.2. The predictions
of the model, based on these guesses, were then compared with the
actuarial response-duration curve (by evaluating the log-likelihood as
already described). The log-likelihood for this initial guess was -94.66.

A new estimate of the four parameters was produced based on the
differences between the predicted and actuarial curves (this involves
using the semi-Newton algorithm just described). This new estimate
should bring the predicted curve closer to the actuarial curve (and thus
have a greater likelihood). This procedure was repeated until the
predicted curve came no closer to the actuarial curve (i.e., the likelihood
no longer increased significantly). The fit of the model curve to the
actuarial curve is given in Fig. 5. The final log-likelihood was â€”¿�90.80,

and the final parameters values are given in Table 1.
The log-likelihoods for a few of the times, both censored and com

plete, given the initial guesses for the.parameters, and then the final
best parameters, are shown in Table Al.

Table A1 Comparison of log-likelihoods for the worked example

Initial
Time log-likelihood
(days) (parameters guessed)

Final log-likelihood
(parameters estimated

by model)

164
345
603Â°
942Â°

1164
1432"

-6.93
-6.46
-0.88
-1.12

-10.41
-1.17

-7.65
-7.11
-0.41
-0.61
-8.91
-0.74

' Censored.
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